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Last time:

• introduction to dynamic programming
6
" recursion t memorization ( with explicit solving order)

• examples
- shortest paths in a DAG DP Recipe :

- longest increasing subsequence to define problems
- edit distance 2

. set boundaries

- knapsack (w/o repetition ) 3 . give recurrence

h . specify order ( and give time)

Today :
More examples of DP solutions :

- knapsack with repetition
- chain matrix multiplication
- all - pairs shortest paths
- traveling salesperson problem



knapsack With Repetition

Given a maximum weight W and value-weight pairs ( vi.Wi ) . . . . ,
(Vn

,
Wn)

,

output a multi - set of weight EW of highest value .

(ok to pick the same item more than once)

• Problems : K (w ) : = max value achievable with capacity s w

• Boundaries : Kl 01=0

• Recurrence : K ( w ) : = Max { KCw - wi) t Vi l wiew }
i-- I
,
. . .

,
h

• Efficiency : - solve in increasing weight w : 140 )
,
KID

,
- - ,
k tht)

- each computation takes Oln) time

- total time is 0 ( n .
-

W
' )

The algorithm is only weekly polynomial time .

- a

Polynomial time would have been pely In, logW) ,
but we don't expect this because the problem is NP - complete .



Chain Matrix Multiplication

Multiplying x-by - y matrix A and y- by- t matrix B takes xyz ops .

( we have also seen how to do better but this is not important for now .
)

Today : find strategy to multiply matrices Ai , Az, . . . , An as cheaply as possible .

Example : 50 - by- l A ,
I- by- 50 B , so - by- I C .

The result is 50-by - l R .

• option l : I A. B ) . C = D . C 5o,
↳ t - I
50 . I . 50 t 50 - 50 . I = 5000 1,500

• option z : A . ( B -C) = A . E ¥964 ! /↳ f.
I - 50 . I t 50 . I . I = too 1,500

The association order matters !



In general , the goal is to find the optimal association order for

A Ai An
' l l

- - i

' in the example the input is
Mo - by - M , m

,

- by - Ma mm
- by - Mn f

( mo
,
mi
,
Mi
,
Mst (50,150,1)

input list of positive integers mo
,
mi
,
. . .

, Mn representing matrix dimensions
( the matrices themselves don't matter)

output parenthetical
-

on of the list (a tree on it) ik
I 2 - - i n

O 0

We solve the problem via dynamic programming : .

I co-Op
( 2 O

-

-
-

÷ o

mi*m • sub problems : n. . o

/ CC i.K) : = optimal cost for
.

subsequence mi
.
.. .

. mk

( multiplying Ain - -
- Ak ]

j }k • boundaries :

subsequence subsequence ((0,1 ) -- CCI,2) = - - - = C ( n- I
,
n) -- O

from mi lo Mj from Mj N Mk • recurrence : Ain . . -Aj Aj . . - Ak combine

The cost so far is : Cci
,
K) : - ing

' { Cliijltccjskltmimjmk }

Mi -Mj
-Mkt cost- left t cost- right . cost : 0cm ) subproblems

, computing each is Old
=D 01h31 cost to find CCO.nl .



All -Pairs Shortest Paths
,
distance from u to v

Given graph G- (V,E) and lengths l : E→ It , find { disturbu,er .

Idea : Run Bellman - Ford for every possible source : Nl . OOH.IE/)--0ClVl ' - IED .

Beller : OCNP) via dynamic programming ( IE 131N - I if 9 is connected)

Floyd - Warshall algorithm
• The subproblems are :

d luv , it = shortest path from u to v using intermediate nodes in { 1,2 . . .., i3

• Boundaries are :

g.
if fu

,
vie E : l (un )

d ( UN, o) = if Luis El E : co

• The recurrence is :

d l air, i ) -- min { dcu ,v. i - it, dcu , i. i -Dtd ( i.v. i - D }

• Efficiency :
. init boundaries : OC will } total cost is OCIVP) .
• table has WP entries and filling each is 041



Traveling Salesperson Problem cycle visiting each vertex once

Given graph G- (V,E) and lengths l : E→ It , output a shortest tour of 6 .

Straightforward approach : try all tours .

Whoa start at vertex 1
.
There are E Ch - D ! tours . Evaluating a tour costs Oln ) .

⇒ Och ! ) = Of II ) .
( cannot expect poly - time alsoBe Her : 012" . n') via dynamic programming because TSP is NP-complete )

• The subproblems are : answer is min { cat . .,n3, jltllj ,B
j-- 2. ..., h

CCS
, j ) = shortest path from 1 to je s visiting each vertex in SE {2, . . .,n3 once

• Boundaries : C CE j 3 , j)
-

- l ( list

• Recurrence : CCS
, ;) -- irensin { CCS

- fi 3
,
it tlli

, j ) } .

-Ej

• Efficiency : compute in order of increasing 1st
table has 012" . n ) entries and each takes Oln ) to compute ⇒ 012N . n )

.


